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$S$ closed, connected orientable surface , 3
. , Isom$+(X)$ $\Gamma$ , $S=X/\Gamma$ . , $X$
$S^{2},$ $E^{2}$ $H^{2}$ . $\mathcal{T}$ $S$ ( ) $\underline{=}$ . ,
, 2-simplices $S$ . , 2-simplex
2 vertices $S$ . , $-\vee$
$S$ , X (
) . $\mathcal{E},\mathcal{V}$ , $\mathcal{F}$ $\mathcal{T}$ edges, vertices faces
(2-simplices) , $0$ : $\mathcal{E}arrow[0,\pi/2]$ . $\mathcal{V}=\{v_{1}, \ldots,v_{n}\}$
1 1 $S$ (geometric) circles $C=\{C_{1}, \ldots,C_{n}\}$ (i), (ii)
, data $\mathcal{T}$ , $\Theta$ circle pattern .
(i) $C_{1},$ $\ldots,C_{n}$ nerves $S$ $\mathcal{T}$ 7 ambient isotopic ,
$C_{i}$
$v_{i}$ .
(ii) $C_{i}\cap C_{j}\neq$ $C_{i},$ $C_{j}$ , $C_{i}$ $C_{j}$ nerve $\overline{e}l^{\grave{\grave{a}}}$ .
ambient isotopy , $v_{i}$ $v_{j}$ edgee , $C_{i}$ $C_{j}$ intersection angle
$\Theta$ (e) ( 1 ).
, $\Theta\equiv 0$ , $C$ –$=$ $\mathcal{T}$ circle packing .
1.
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, data $\mathcal{T}$ , $\Theta$ , 3 cir-
cle pattern . Andreev [1], [2] $\backslash \ddagger$ $U^{*}$
Thurston [4, Chapter 13] Andreev $\mathfrak{l}h\chi(S)>0$ ( $S^{2}$-case),
Thurston $\chi(S)\leq 0$ ( $E^{2},$ $H^{2}$ -case) . , Rodin-Marden [3] $\}h$ ,
$\chi(S)>0$ , Thurston . ,
Thurston . [4] ,
. , Rodin-Marden . Thurston
$E^{2}$ -case , .
\S 1. $\chi(S)\leq 0$
, $S$ , $\mathcal{T}$ , .
1 . ( $E^{2},$ $H^{2}$-case) $\chi(S)\leq 0$ , $0$ : $\mathcal{E}arrow[0,$ $\pi/2|$ 2 (i), (ii)
.
(i) $e_{1},$ $e_{2},$ $e_{3}$ $\in \mathcal{E}$ $e_{1}+e_{2}+e_{3}$ $S$ null-homotopic loop 3
. $\Sigma$3i$=1\Theta(e_{i})\geq$ $\pi$ , $e_{1}+e_{2}+e_{3}$ 1 $f$ $\in \mathcal{F}$ ( 2(a)
$)$ .
(ii) $e_{1},$ $e_{2},$ $e_{3},$ $e_{4}\in \mathcal{E}$ $e_{1}+e_{2}+e_{3}+e_{4}l^{\grave{\dot{a}}}S$ null-homotopic loop 4
. $\Sigma$ $\Theta$ (ei) $=$ 2 $\pi$ , $e_{1}+e_{2}+e_{3}+e_{4}$ 2 $f1$ ,f2 $\in \mathcal{F}$
( 2(b) ).
, data $\mathcal{T}$ , , 3 $(\chi(S)=0$
) circle pattem $C$ .
(a) (b)
2.
circle packing {ei} $\subset \mathcal{E}$ , $\Sigma\Theta(e_{i})=0$ , 1
(i), (ii) . , $\underline{=}$ $\mathcal{T}$ circle
packing .
5
2-simplexf $\in \mathcal{F}$ , intersection angles circles 3
$\vee$ .
1. $\theta$1, $\theta_{2},$ $\theta_{3}\in[0, \pi/2]$ $r_{1},$ $r_{2},$ $r_{3}$ , $r_{1},$ $r_{2},$ $r_{3}$
$E^{2}$ $H^{2}$ $C_{1},$ $C_{2},$ $C_{3}$ intersection angles $\theta$1, $\theta_{2},$ $\theta_{3}$ (uP to
isometry) ( 3 ).
3.
. $\{i,j, k\}=\{1,2,3\}$ . $C_{i}$ $C_{j}$ $\theta$k $l_{k}$
( 4 ).
4.
, $\pi-\theta_{k}\geq\pi/2$ , $l_{k}> \max\{r_{i},r_{j}\}$ , $l_{1},$ $l_{2},$ $l_{3}$ –$=$
6
. , 4 –$=$ –$=$ $l_{k}\leq r_{i}+r_{j}$ ,
$r_{i} \leq\max\{r_{i}, r_{k}\}<l_{j},$ $r_{j} \leq\max\{r_{j}, r_{k}\}<l_{i}$ , $l_{k}<l_{i}+$ . $C_{1},$ $C_{2},$ $C_{3}$




$=\{v_{1}, \ldots,v_{n}\}$ . $r=(r_{1},\ldots,r_{n})$ $R_{+}^{n}=\{(x_{1}, \ldots,x_{n})\in R^{n};x_{i}>0(i=1, \ldots,n)\}$
. f $\in \mathcal{F}\mathcal{F}$ , $v_{i},v_{j},v_{k}$ , $e_{p},e_{q},e_{r}$ .
1 , $r_{i},r_{j},r_{k}$ $\Theta(e_{p}),\Theta(e_{q}),\Theta(e_{r})$ $E^{2}$ $H^{2}$ (geo-
metric) 2-simplex $\not\in f_{r}$ . $\{f_{r};f\in \mathcal{F}\}$ $\mathcal{T}\text{ _{}\overline{tl}}\Pi$ combinatorial type
$S_{r}$ . $\mathcal{T}$ vertex $v_{i}$ $S_{r}$ $(\vee$
$v_{i}$ ) $r_{i}$ $C_{i}$ . 1 , $C=\{C_{1}, \ldots,C_{n}\}$ data
$\mathcal{T}$ , $\Theta$ circle pattern . , 1 ,
. $s_{r}$ . $f_{r}$ geodesic segments
, $fr$ $S_{r}$ . , $S_{r}$
$\mathcal{V}$ cone-type singularity , -D$\overline{=}$
. vi $\in \mathcal{V}$ $s_{r}$ 2-simplices $(fi1)_{r},$ $\ldots,$ $(f_{i}\iota)_{r}$ , $(f_{ij})_{r}$ $v_{i}$
$\theta_{ij}$ . $+\cdots+\theta_{il}$ $S_{r}$ $v_{i}$ cone-angle
, 2 $\pi$ &cone-angle :
$\kappa_{r}(v_{i})=2\pi-(\theta_{i1}+\cdots+\theta_{il})$




$F(r)=(\kappa_{r}(v_{1}), \ldots, \kappa_{r}(v_{n}))$ . .
(1.2) 1 $F(r)=(0, \ldots,0)$ $r\in$ $(E^{2}$ -case
) .
2. $C_{1},$ $C_{2},$ $C_{3}$ 3 intersection angles $\theta_{1},$ $\theta_{2},\theta_{3}$ $r_{1},$ $r_{2},$ $r_{3}$
. $C_{1},$ $C_{2},$ $C_{3}$ $v_{1},$ $v_{2},v_{3}$ $E^{2}$ $H^{2}$ 2-simplex $f$ , $v_{i}$
$f$ $\alpha$i . $C_{1}$ $r_{1}’$ C\’i ,
intersec$\backslash tion$ angles , $C_{1}’$ $v_{1}’$ int $f$
. , $v_{1}’,$ $v_{2},$ $v_{3}$ 2-simplex $\emptyset$ $\alpha$1 $(i=1,2,3)$ , $\alpha_{1}<\alpha_{1}’,$ $\alpha_{2}>\alpha_{2}’$ ,
$a_{3}>\alpha_{3}’$ ( 6 ).
8
. , $C_{1}$ , $r_{1}-r_{1}’$
.
, $E^{2}$-case . $v_{1},v_{2},v_{3}$ $E^{2}$ $A_{1},A_{2},A_{3}$ . 7 , $A_{2}$





. $Oarrow\ovalbox{\tt\small REJECT}_{1}$ $r_{1}$ $(\partial/\partial r_{1})\vec{A}_{1}$ . ( : $\vee$
$(\partial/\partial r_{1})\vec{OA}_{1}$ $(\partial/\partial r_{1})^{-\ovalbox{\tt\small REJECT}_{1}}$ , $r_{1}$
$A_{1}$ , $O=A_{2}$
.)
(1.3) $\frac{\partial\vec{A}_{1}}{\partial r_{1}}=\frac{\partial l_{3}}{\partial r_{1}}\vec{U}+l_{3}\frac{\partial\vec{U}}{\partial r_{1}}$.
$V^{\ovalbox{\tt\small REJECT}}=(\partial/\partial r_{1})\vec{U}$ , $\vec{V}$
$\ovalbox{\tt\small REJECT}$
. , $\vec{U}\cdot\vec{U}=||\ovalbox{\tt\small REJECT}||^{2}\equiv 1$
, $r_{1}$ , 2 $U^{\ovalbox{\tt\small REJECT}}\cdot(\partial/\partial r_{1})\vec{U}=0$ . 7 , $l_{3}=$
$r_{1}c\circ s\gamma_{1}+r_{2}c\circ s\gamma_{2},$ $r_{1}\sin\gamma_{1}=r_{2}\sin\gamma_{2}=$ , $\gamma$1 $+\gamma$2 $=\theta_{3}$ ,
.




(1.4) $-r_{1} \frac{\partial\vec{A}_{1}}{\partial r_{1}}=-(r_{1}\cos\gamma_{1})\vec{U}-r_{1}l_{3}\vec{V}$ .
$C_{i}$ $C_{j}$ 2 $E^{2}$ $L_{ij}$ . $\vec{V^{\ovalbox{\tt\small REJECT}}}$ $\vec{U}$ , (14) , $(A_{1}$
) $r_{1}(\partial/\partial r_{1})\vec{A}_{1}$ $L_{12}$ ( 8
). $C_{1},$ $C_{3}$ , $-r_{1}(\partial/\partial r_{1})\vec{A}_{1}$ $L_{13}$
. , 3 $L_{12},L_{13},L_{23}$ $Q$ , $-r_{1}(\partial/\partial r_{1})\vec{A^{\ovalbox{\tt\small REJECT}}}_{1}=\vec{A_{1}Q}$,
$-(\partial/\partial r_{1})\vec{A}_{1}=(1/r_{1})\vec{A_{1}Q}$ ( 9 ). $-(\partial/\partial r_{1})\vec{A}_{1}$ $r_{1}$
$A_{1}$ , $Q$ $f$
. , $Q\in intf$ , $Q$ 10




, $C_{1}\cap\overline{A_{2}A_{3}}\neq$ . $H$ A $\overline{A_{2}A_{3}}$ $E^{2}$ . $A_{2},$ $A_{3}$
$H$ $C_{1}$ intersection angle $\pi$/2 . , $\theta_{2},$ $\theta_{3}\leq$
$\pi/2$ , $C_{2},$ $C_{3}$ $H$ . , $C_{2}\cap C_{3}=$
, ( 11 ). , $C_{1}\cap\overline{A_{2}A_{3}}=$ . $Q$ 12
i , $C_{1}\cap\overline{A_{2}A}_{3}=$ , $L_{12},$ $L_{13}$ $Q$







, $H^{2}$-case . $H^{2}$ $P\dot{\circ}$incare’disk $D_{P}$ ,
$E^{2}$ $O$ . , $C_{1}$
$O$ . $C_{1},$ $C_{1}’$ $E^{2}$- $s_{1},$ $s_{1}’$ , $s_{1}>s_{1}’$ .
, $H^{2}$- $r_{1}’$ , $E^{2}$- Cl” , $O$ , $C_{1}$
. $r_{1}’<r_{1}$ , Cl’/ $C_{1}$ . , Cl/’ $E^{2}$- 4 $(\geq s_{1}’)$ $s_{1}$
. $C_{1},$ $C_{2},C_{3}$ $E^{2}$- . $H^{2}$- 2-simplices , , $f_{H}$
( 13 $f_{H}$ ) . $E^{2}$-case , C\’i $E^{2}$ - $v(e)_{1}’$ int $f_{E}$
. , $C_{1}’$ $H^{2}$- $v_{1}’$ $O$ $v(e)_{1}’$ int $f_{H}$
. , $H^{2}$ -case .
13.
, $\{s_{n}\}$ $s_{n}\backslash s$ , $\{s_{n}\}$
$-\vee$ . $s_{n}\backslash s$ , $n\in N$ $s_{n}>s$ ,
$\lim_{narrow\infty}s_{n}=s$ . $s_{n}\nearrow s$ .
, $H^{2}$ -case .
3. ( $H^{2}$-case) $R_{+}^{n}$ $r=(r_{1}, \ldots,r_{n})$ , $i$- $r_{i}\nearrow\infty$ ,
, $\kappa$r(vi) $\nearrow$ 2 $\pi$ .
. $f_{i1},$ $\ldots,f_{il}\in \mathcal{F}$ $v_{i}$ 2-simplices . $(f_{ij})_{r}$ $v_{i}$
$\theta_{ij}$ . 2 ( 11) , $v_{i}$ $r_{i}$ , $(f_{ij})_{r}$
$v_{i}$ ( 14 ). , $(f_{ij})_{r}$ $\theta$ij, $r_{i}$
. , $\theta_{ij}\sinh$ ri $<$ Area((fij)r) $<\pi$ , $\theta_{ij}<\pi/\sinh r_{i}\backslash 0(r_{i}\nearrow\infty)$
12
. ,





(1.5) $\sum_{v\in V}\kappa_{r}(v)+\int_{s_{r}}KdS_{r}=2\pi\chi(S)$ .
$-\vee$ , $K$ $s_{r}$ Gauss . , $E^{2}-$case $K\equiv 0,$ $H^{2}-$case $K\equiv-1$
. (1.5) , $E^{2}-$case $H^{2}$ -case , $F$ : $R_{+}^{n}arrow R^{n}$
$F_{0}$ .
(1.6) $E^{2}$-case $(\chi(S)=0, K\equiv 0)$ .
(1.5) , $\Sigma_{v\in \mathcal{V}}\kappa_{r}(v)=0$ . , $F$
$Z=\{(x_{1}, \ldots, x_{n})\in R^{n};x_{1}+\cdots+x_{n}=0\}$
. $t>0$ , $S_{r}$ $S_{tr}$ , F(r) $=$ F( ) .
, $F$ , $R_{+}^{n}$
$\Delta=\{(x_{1}, \ldots, x_{n})\in R_{+}^{n};x_{1}+\cdots+x_{n}=1\}$
( 15 ). $F$
$\Delta$ : $\trianglearrow Z$ $F_{0}$ .
. $F_{0}$ $\Delta$ , $Z$ $R^{n-1}$ .
13
$arrow$
(1.7) $H^{2}$-case $(\chi(S)<0, K\equiv-1)$ .
, $E^{2}$-case $\triangle$ . $Z$ ,
$F^{-1}(Z)=\Delta$ , $F|_{\Delta}$ : $\Deltaarrow Z$ $E^{2}$-case ,
. (1.5) , $r\in$ $\triangle$ Area$(S_{r})=-2\pi\chi(S)$ .
$O\in R^{n}$ , $r\in R_{+}^{n}$ Lr $=\{tr;t\geq 0\}$ $\Delta$
. , $t\backslash 0$ Area(Str) $\backslash 0$ , 3 (1.5) , $t\nearrow\infty$
Area$(S_{tr})\nearrow-2\pi\chi(S)+2\pi n$ . , , Area$(S_{tr})=-2\pi\chi(S)$
$t>0$ .
4. ( $H^{2}$-case) $\Delta$ $R^{n-1}$ .
. $r=(r_{1}, \ldots, r_{n}),$ $r‘=(r_{1}’, \ldots, r_{n}’)\in R_{+}^{n}$ , $r_{i}>r_{i}’(i=1, \ldots, n)$ .
2 , f $\in \mathcal{F}$ , $f_{r’}$
( 16 ). , Area$(S_{r})>$ Area$(S_{r’})$ . , $r\in R_{+}^{n}$ ,
Area$(S_{tr})$ $t>0$ . , $L_{r}\cap\Delta \mathfrak{l}h1$ .
, $\Delta$ $R^{n-1}$ . $\square$
14
$rarrow\partial\triangle$ . r $\in\Delta$ $\Delta$
. r $arrow\partial$ , $F_{0}(r)$ . I
II . Thurston [4] , II ,
.
I. $r=$ ( $r_{1},$ $\ldots$ , rn) $\in\Delta$ o - $s=(s_{1}, \ldots, s_{n})$ .
$s$ , $s_{1},$ $\ldots,$ $s_{n}$ . $\mathcal{V}$ $\mathcal{V}_{0}$
$\mathcal{V}0=\{v_{i}\in \mathcal{V}$ ; $i$- $si=0$ ( $r_{i}\backslash O$ ) $\}$
. , X $|X|$ . f $\in \mathcal{F}$ $|f\cap \mathcal{V}_{0}|=$
$1,$ $|f\cap \mathcal{V}_{0}|=2,$ $|f\cap \mathcal{V}_{0}|=3$ , $\alpha$ , $\beta$ , $\gamma$ 2-simplex , $f\cap \mathcal{V}_{0}$ $f$
$\alpha,$
$\beta$ , $\gamma$ ( 17 ).
17.
$\mathcal{F}_{\alpha},\mathcal{F}_{\beta},$ $\mathcal{F}_{\gamma},$ $A=\{\alpha_{i}\},$ $B=\{\beta_{j}\},$ $\Gamma=\{\gamma k\}$ 2-simplices
. 18 (a), (b), (c) , 2 .
5. $rarrow s$ , .
(i) $\alpha_{i}\in A$ $e(\alpha_{i})\in \mathcal{E}$ , $\angle\alpha_{i}\nearrow\pi-\Theta(e(\alpha_{i}))$.
(ii) f $\in \mathcal{F}\beta$ $\beta$ $\beta$j, $\beta_{j’}$ , $\angle\beta_{j}+\angle\beta_{j’}\nearrow\pi$ .
(iii) $f\in \mathcal{F}_{\gamma}$ 3 $\gamma$k, $\gamma k’,$ $\gamma k’’$ , $H^{2}$ -case $\angle\gamma k+\angle\gamma k’+\angle\gamma k’’\nearrow\pi,$ $E^{2}$ -case
$\angle\gamma$k $+\angle\gamma$k’ $+\angle\gamma k^{\prime\prime=\pi}$ .
15










$\frac{\pi|\Gamma|}{3}$ $(H^{2}- case)$ $(= \frac{\pi|\Gamma|}{3}$ $(E^{2}- case)$ .
(a)
18.
$\mathcal{V}_{0}$ cone-angles $\alpha$ , $\beta$ , $\gamma$ . , $\mathcal{V}_{0}$
curvatures .
(1.8) $\sum_{v\in v_{0}}\kappa_{r}(v)\backslash 2\pi|\mathcal{V}_{0}|-\sum_{i\alpha\in A}(\pi-\Theta(e(\alpha_{i})))-$ —$\pi|$3
$\Gamma|$
$(rarrow s)$ .
$-\vee$ ,. $E^{2}$ -case $\mathcal{F}_{\alpha}=\mathcal{F}\rho=$ .
, $S$ $\mathcal{V}$0 $=\mathcal{V}$ , $s=(O, \ldots, 0)$ ,
.
16
6. $F_{0}$ : $\Deltaarrow Z$ . , Brouwer , .
. $r=(r_{1}, \ldots, r_{n}),$ $r’=(r_{1}’, \ldots, r_{n}’)\in\Delta,$ $r\neq r$‘ . $\mathcal{V}$ –$\mathcal{V}$o , $\overline{\mathcal{V}}_{0}=$ $\in$
; $r_{i}>r_{i}’\}$ . ( 2) , $\sum_{v\in\overline{\mathcal{V}}_{0}}\kappa_{r}(v)>\sum_{v\in\overline{\mathcal{V}}_{O}}\kappa_{r’}(v)$
. , $F_{0}(r)\neq F_{0}(r’)$ .
0 , $\mathcal{V}_{0}$ $\mathcal{V}_{0}$ $\mathcal{E}$ , $\mathcal{F}$ ( 19 ).
19.
$\mathcal{E}_{0}$ $\mathcal{V}_{0}$
$\mathcal{E}$ . $\mathcal{T}_{V_{0}}$ $\chi_{0}$ . $\mathcal{T}_{V_{0}}$
.
(1.9) $\chi_{0}=|\mathcal{V}_{0}|-|\mathcal{E}_{0}|+|\mathcal{F}_{\gamma}|$.
$f\in \mathcal{F}_{\gamma}$ 3 , $f\in \mathcal{F}_{\beta}$ 1 $\mathcal{E}_{0}$ .






$\sum_{v\in \mathcal{V}_{0}}\kappa_{r}(v)\backslash I(\mathcal{V}_{0}):=2\pi\chi_{0}-\sum_{\alpha:\in A}(\pi-\Theta(e(\alpha_{i})))$
.
17
$k(\mathcal{T}_{\mathcal{V}0})$ $f\in \mathcal{F}_{\alpha}$ $\mathcal{V}_{0}$ . Lk $(\mathcal{T}_{V_{0}})$
$\mathcal{T}_{V_{0}}$ ( 19 ). Lk $(T_{\mathcal{V}_{0}})$ edges $|$Lk $(\mathcal{T}_{\mathcal{V}_{0}})^{(1)}|$ $|A|$




7. $\mathcal{V}$ $\mathcal{V}_{0}\neq$ , $I(\mathcal{V}_{0})<0$ .
. $T_{\mathcal{V}0}$ . ,
. $\chi_{0}\leq 0$ , $I(\mathcal{V}_{0})<0$ . , $\chi_{0}=1$ 0
. $\Sigma_{\alpha\in A}i(\pi-\Theta(e(\alpha_{i})))\geq\pi|A|/2$ , $|A|\geq 5$ $I(\mathcal{V}_{0})<0$
, $0\leq|A|\leq 4$ .
$|A|=4$ . $I(\mathcal{V}_{0})$ , $\Sigma_{\alpha\{\in A}(\Theta(e(\alpha_{i})))<2\pi$ $I(\mathcal{V}_{0})<0$ .
$|$Lk$(T_{\mathcal{V}_{0}})^{(1)}|=2$ 4 , , $S-\mathcal{T}_{\mathcal{V}_{0}}$ . , $T_{\mathcal{V}_{0}}$ $h_{\overline{7}}-$
( 20(a) Lk $(\mathcal{T}_{\mathcal{V}_{0}})$ ). , $S$ $S^{2}$
. , $|$Lk$(\mathcal{T}_{\mathcal{V}_{0}})^{(1)}|=4$ . , $\Sigma\alpha$, $\in A(\Theta(e(\alpha_{i})))=2\pi$
, 1 (ii) , Lk $(T_{\mathcal{V}_{0}})$ 2 2-simplices
. , $S-\mathcal{T}_{V_{0}}$ , . , $T_{\mathcal{V}_{0}}$
2 2-simplices ( 20(b) ). , $\Sigma_{\alpha;\in A}(\Theta(e(\alpha_{i})))<2\pi$ .
$|A|=3$ , $|$Lk$(\mathcal{T}_{\mathcal{V}_{0}})^{\langle 1)}|=3$ . , $\Sigma_{\alpha i\in A}(\Theta(e(\alpha_{i})))<\pi$ $I(\mathcal{V}_{0})<0$
18
. $\sum_{\alpha\in A}i(\Theta(e(\alpha:)))\geq$ $\pi$ , 1 (i) , Lk$(\mathcal{T}_{\mathcal{V}_{0}})$
2-simplex ( 20(c) ). , $S-\mathcal{T}_{V_{0}}$ .
, $\sum_{\alpha i\in A}(\Theta(e(\alpha_{i})))<\pi$ .
$|A|=2$ (resp. $0$ ) , $|Lk(\mathcal{T}_{\mathcal{V}_{0}})^{\langle 1)}|=1(0)$ , $S-\mathcal{T}_{V_{0}}$
( 20(d) ) . , $I(\mathcal{V}_{0})<0$
.
II r $arrow\partial\Delta$ I .
, $E^{2}$-case I . $H^{2}$-case , II
.
$\epsilon$ $>0$ , $H_{\epsilon}^{n-1}=\{(x_{2}, \ldots, x_{n})\in R_{+}^{n-1};x_{2}^{2}+\cdots+x_{n}^{2}<\epsilon\}$ .
$r=(r_{1}, r_{2}, \ldots, r_{n})\in R+\cross H_{\epsilon}^{n-1}\subset$ cone-surface $S_{r}$ . $v_{1}$
2-simplex f $\in \mathcal{F}$ , $f_{r}$ 2$\epsilon$ . – , $v_{1}$
2-simplex f $\in \mathcal{F}$ , $r_{1}$ , $f_{r}$ 1 2$\epsilon$
. , Area$(f_{r})(f\in \mathcal{F})$ $\epsilon>0$
. , $r=(r_{1}, r_{2}, \ldots, r_{n})\in R_{+}\cross H_{\epsilon}^{n-1}$ , Area$(S_{r})<-2\pi\chi(S)$
. , $\Delta\cap(R+\cross H_{e}^{n-1})=$ ( 21 $R+\cross H_{\epsilon}^{n-1}$ ). $s>0$
, $r(s)=f(s)\cdot(1, s, \ldots, s)\in\Delta$ $f(s)>0$ .
21.
$f(s)\cdot(s, \ldots, s)\not\in H_{\epsilon}^{n-1}$ , $r(s)$ $i$ - $(i=2, \ldots, n)$ $s)=f(s)s\geq\epsilon/\sqrt{n-1}$
. , $r_{1}(s)=f(s)>\epsilon/(s$ $=$ $)\nearrow\infty$ $(s\backslash O)$ . , $r(s)$
r(s) $arrow\partial\Delta$ , , I .
$\vee$ , I ( r $arrow\partial\triangle$
) $r$ ri $\nearrow\infty$ . , $r\in\triangle$ ,
19
Area$(S_{r})=-2\pi\chi(S)$ , $r_{i}\nearrow\infty$ . ,
$\mathcal{V}_{1}=$ { $v_{i}\in \mathcal{V}$ ; $i$- $r_{i}\nearrow\infty$ }
$\mathcal{V}$ . r $\in\Delta$ , $\Sigma_{v\in V}\kappa_{r}(v)=0$ 3 ,
$(1.11)$ $\sum\kappa_{r}(v)=-$ $\sum$ $\kappa_{r}(v)\backslash II(\mathcal{V}_{1}):=-2\pi|\mathcal{V}$ $\mathcal{V}_{1}|$ .
$v\in V_{1}$ $v\in V-V1$
I, II , $(\Delta$ $)$ . $\mathcal{V}$
$\mathcal{V}’=\{v_{i_{1}}, \ldots, v_{i_{m}}\}$ , $Z$ HI $(\mathcal{V}’),$ $H_{II}(\mathcal{V}’)$
$H_{I}(\mathcal{V}’)$ $=$ $\{(x_{1}, \ldots, x_{n})\in Z;x_{i_{1}}+\cdots+x_{i_{m}}\geq I(\mathcal{V}’)\}$,
$H_{II}(\mathcal{V}’)$ $=$ $\{(x_{1},$
$\ldots,$
$x_{n})\in Z;x_{i_{1}}+\cdots$ $x_{i_{m}} \geq\prod(\mathcal{V}’)\}$
. $Z$ $P$
$P=\cap H_{I}(\mathcal{V}’)$ ( $E^{2}$-case), $P=\cap(H_{I}(\mathcal{V}’)\cap H_{II}(\mathcal{V}’))$ ( $H^{2}$ -case)
$\mathcal{V}’$ $\mathcal{V}’$
. , $\mathcal{V}$‘ $\neq \mathcal{V}‘\subsetneqq \mathcal{V}$ . 7 , $(0, \ldots, 0)\in$
int $H_{I}(\mathcal{V}’)$ . $II(\mathcal{V}’)<0$ , $(0, \ldots, 0)\in$ int $H_{II}(\mathcal{V}’)$ . , int $P$ $(0, \ldots, 0)$ .
$f’.,$ $(1.10),$ $(1.11)_{e}k$
$,$
$F_{0}(\Delta)\subset$ int $P$ .
1 . 6 , , $F_{0}(\Delta)$ int $P$ .
, (1.10), (1.11) , r $arrow\partial\Delta$ , $F(r)arrow\partial P$ . , $F_{0}(\triangle)$ int $P$
. , $F_{0}(\Delta)=$ intP. ( 6) $(0, \ldots, 0)\in$ int $P$
, $F_{0}(r)=(O, \ldots, 0)$ r $\in\Delta$ . (1.2) ,
1 .
\S 2. $\chi(S)>0$
, $\chi(S)>0$ $S$ 2-sphere Rodin-Marden [3]
. Thurston $E^{2}$ -case . , $S^{2}$-case
$E^{2}$-case .
2. ( $S^{2}-$case) $S$ S2- 2-sphere . $\Theta$ : $\mathcal{E}arrow[0, \pi/2]$ 2
(i), (ii) .
(i) $e_{1},$ $e_{2}$ , e3 $\in \mathcal{E}$ $e_{1}+e_{2}+e_{3}$ $S$ loop 3 , $\sum_{i=1}^{3}\Theta(e_{i})<$
$\pi$ .
(ii) $e_{1},$ $e_{2},$ $e_{3},$ $e_{4}\in$ $\mathcal{E}$ $e_{1}+e_{2}+e_{3}+e_{4}$ $S$ loop 4 ,
$\Sigma_{i=1}^{4}\Theta(e_{i})<2\pi$ .
20
, data $\mathcal{T}$ , $\Theta$ circle pattern $S$
.
. fo $\in \mathcal{F}$ 1 , vertices $v_{1},$ $v_{2},$ $v_{3}$ $\mathcal{V}$
. , 2 $E^{2}$- , T’
euclidean cone-surface $S_{E}$ . $S_{E}$ 2-sphere $S$ , cone-angle $2\pi/3$
cone-singular points 3 . $S_{E}$ . :. $Sarrow S_{E}$
, $\{v_{1}, v_{2}, v_{3}\}$ $S_{E}$ cone-singular points ( 22 ).
@) $(i=1,2,3)$ $S_{E}$ curvature $2\pi-2\pi/3=4\pi/3$ . $F_{0}$ : $\trianglearrow Z$
1 , (1.6) $E^{2}$-case . , $\Delta=\{(x_{1}, \ldots, x_{n})\in$
$R_{+}^{n};x_{1}+\cdots+x_{n}=1\}$ . r $\in\Delta$ $S_{r}$ euclidean cone-surface $S_{E}$




8. $p=(p_{1}, \ldots,p_{n})$ , $p_{i}=4\pi/3(i=1,2,3),$ $pj=0(j=4, \ldots, n)$ , .
, $\mathcal{V}$ $\mathcal{V}_{0}=\{v_{i_{1}}, \ldots, v_{i_{m}}\}\neq$ ,
(2.1) $pi_{1^{+\cdots+pi_{m}}}>I(\mathcal{V}_{0})$ .
. (2.1) . 7 $\mathcal{T}_{\mathcal{V}_{0}}$
. $\chi_{0}=1$ $|A|\leq 4$ . , 7
$I(\mathcal{V}_{0})<0$ .
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$|A|=4$ . $|$Lk$(\mathcal{T}_{\mathcal{V}_{0}})^{(1)}|=4$ , 2 (ii) $\Sigma_{\alpha\in A}i(\Theta(e(\alpha_{i})))<2\pi$
, $I(\mathcal{V}_{0})<0$ . $|$Lk$(\mathcal{T}_{V_{0}})^{(1)}|=2$ , $\mathcal{V}_{0}$ 3 ( $20(a)$
$)$ . $T$ 2-simplex , $\{v_{1}, v_{2}, v_{3}\}$ . ,
$v_{1},$ $v_{2},$ $v_{3}$ 1 $V_{0}$ . , $Pi_{1}+\cdots+Pi_{m}\geq 4\pi/3$ .
, $I(\mathcal{V}_{0})=-2\pi+\sum_{\alpha i\in A}\Theta(e(\alpha_{i}))\leq 0$ , (2.1) .
$|A|=3$ , (i) $\sum_{\alpha;\in A}$ (0(e( $\alpha$i))) $<\pi$ . , $I(\mathcal{V}_{0})=-\pi+\sum_{\alpha\in A}i$
$\Theta(e(\alpha_{i}))<0$ .
$|A|=2$ (resp. $0$ ) . $\mathcal{V}$0 2 (1 ) ( 20(d) ) , $v_{1},$ $v_{2},$ $v_{3}$
1 (2 ) $\mathcal{V}_{0}$ . . $Pi_{1^{+\cdots+p_{i_{m}}}}\geq 4\pi/3(8\pi/3)$
. , $I(\mathcal{V}_{0})=\Theta(e(\alpha_{1}))+\Theta(e(\alpha_{2}))\leq\pi(I(\mathcal{V}_{0})=2\pi)$ , (2.1)
.
$P$ 1 $E^{2}$-case , $Z$ . 8 , $p\in$
int$P=F_{0}(\Delta)$ . , ro $=F_{0}^{-1}(p)$ $S_{E}=s_{r_{0}}$ circle pattem $c_{0}=$
$\{C_{1}, \ldots, C_{n}\}$ data $h(\mathcal{T})$ , $\Theta$ . $v_{1},$ $v_{2},$ $v_{3}$ vertices
2-simplex $f_{0}$ $\in \mathcal{F}$ , $T_{0}:=(f_{0})$ro (vl), $h(v_{2}),$ $h(v_{3})$ vertices $S_{E}$ geo-
metric2-simplex . , To –$=$ , : $=S_{E}-$ int $T_{0}$ –$=$
. 2 ( 11) , $C_{j}(j=4, \ldots, n)$ To
int . 9: $T_{1}arrow E^{2}=C$ , $C$ $O$ ,
. , $g$ , $C$
. Co Co $|_{T_{1}}$ . $=$ : $=g(T_{1})$
1/6- $g(C_{1}|\tau_{1}),$ $g(C_{2}|\tau_{1}),$ $g(C_{3}|\tau_{1})$ $D_{1},$ $D_{2},$ $D_{3}$ . ,
$C_{1}=g(C_{0}-\{C_{1}, C_{2}, C_{3}\})\cup\cdot\{D_{1},$ $D_{2},$ $D_{3}\})$
data $\Theta$ $C$ circle pattem . $S$ $R^{3}=C\cross R$ $\{(z,t)\in$
$C\cross R;|z|^{2}+(t-1)^{2}=1\}$ , $\varphi$ : $S-\{n.p.\}arrow C$ stereographic projection
. , $C=\varphi^{-1}(C_{1})$ data $\mathcal{T}$ , $\Theta$ $S$ circle pattern . $C_{1}$
$C$ , $\varphi$ , $S$
.
, $C$ $S$ C’ data $T$ ,
$\Theta$ $S$ circle pattem . $C_{1}’=\varphi(C’)$ , $v_{1},$ $v_{2},$ $v_{3}$
$D_{1}’,$ $D_{2}’,$ $D_{3}’$ $\cdot t$ . $D_{1},$ $D_{2},$ $D_{3}$ intersection angles $D_{1}’,$ $D_{2}’,$ $D_{3}’$ intersection
angles , $\Theta$ , . , $C$ M\"obius $\gamma$
$\gamma(D_{i}’)=D_{i}(i=1,2,3)$ . ( $M\ddot{o}$bius
. D$|$ $D_{i}$ M\"obius ,
$\gamma$ .) Co $S_{E}$ , $\gamma(C_{1}’)|_{T_{2}}$ $g$ $g^{-1}(\gamma(C_{1}’)|_{T_{2}})$
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Co . , $\gamma(C_{1}’)|\tau_{2}=g(C_{0}|\tau_{1})=C_{1}|\tau_{2}$ . , $\gamma(C_{1}’)=C_{1}$ .
$\overline{\gamma}$ : $Sarrow S$ $\gamma$ $S$ , -$\gamma$ (C’) $=C$ . ,
.
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